Stochastic Gradient Descent for
GPs and Linearised NNs

Shreyas Padhy
Cambridge MLG Group
29 February 2024
Computational and ERy SIAM UQ Conference

7B UNIVERSITY OF
¥ CAMBRIDGE




The Bayesian Model Landscape

Deep Neural Networks

Spectral Normalised GP [2],
Infinite Width Limits [3.
(NTK, NNGP)

Linearised -
. Laplace [ Bayesian Linear Models
Bayesian Neural /

Networks

>,

EEEEE TN

Scalability

Good Uncertainty

1] Padhy, S.%, Antoran, J.,*, Barbano, R., Nalisnick, E., ... and Hernandez-Lobato, J.M., 2022. Sampling-based inference for large linear models, with application to linearised Laplace. ICLR 2023
2] Padhy, S.%, Liu, J. Z.*, Ren, J.%, Lin, Z., Wen, Y., Jerfel, G., ... & Lakshminarayanan, B. A simple approach to improve single-model deep uncertainty via distance-awareness. JMLR 2023
3] Adlam, B,, Lee, J., Padhy, S., Nado, Z. and Snoek, J., 2023. Kernel Regression with Infinite-Width Neural Networks on Millions of Examples. arXiv preprint




Computational Considerations

f~ GPUC), K.
[(f(X) )] ) /V[O’ [(KT K)]

Posterior Distribution

p(f«lf: X, y) = N (s 241

Predictive Mean

O(n>)

Uncertainty Estimate
y 0 ( " 3)

S, = Kes — K*n*




Can we SGD in the era of deep learning?

» Can we cross the O(n”) hurdle using SGD?

 SGD needs -

e Parametric view of model

« Unbiased mini-batch objective

o Linear scaling with n



I. Estumate the Mean of GPs
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1

P (X*) = K, (Knn T 521) Y

P Representer Weights &€
N

//tf\y(X ) — I{*nv>I< — Luj—] I{*ivi>I<

e Where v¥ = (K,,+06°1)"'y | nLinear System of Equations
Conjugate Gradients Stochastic Gradient Descent

=+0vliz

[1] Padhy, S.*, Lin, JA*, Antoran, J.,*, ... and Hernandez-Lobato, J.M., 2022. Sampling from Gaussian Process Posteriors using Stochastic Gradient Descent. NeurIPS 2023

Rn




the Mean of GPs

. We have v* = arg min
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SGD scales much better than CG

d(K  + o*
. CG has non-monotonic convergence guarantee in O <\/ cond(K, + c°I) log condt alil ) steps
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Spectral Analysis of SGD Behaviour
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Can we estimate the uncertainties with SGD?
Y, = Kuw — K (K, + 06°1)7'K

* No, because we can’t solve one SGD optimisation per test datapoint...

. Can we at least draw samples from the posterior /4 (,uﬂy, Zfly)?

* Option 1: Cholesky decomposition
1. DecomposeX = LL'
2.  Draw sample from unit Gaussian, ¢ ~ A4(0,])

3. Sample from posterior is jg, + L€

e Can we do better?



A Path to More Efficient Sampling ggng) + O™
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Sample from the Posterior
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SGD scales much better in uncertainty estimates
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Where can we apply this?

* Sequential Decision Making -> Bayesian Optimisation at a fixed compute budget
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Uncertainty in Deep NNs: Linearised Laplace

» Given a neural network £ : RY — R” parameterised by 0 € R

o Augment f(x) with uncertainty from the linearised model around MAP solution w
h(O,x) = f(w,x) + V,, fov,x)(0 —w), 6~ N0, A7)
h(0,x) = MAP solution + J(x)(60 — w)

. Turns out h ~ GP(0,k)  where k(x;, x;) = J(x)" A~'J(x)) O(d®) — 6(d)
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How accurate are posterior samples?

difference with full lin. Laplace predictive

103

sym. KL

104

LeNetSmall LeNet LeNetBig  LeNetSmall LeNet LeNetBig
d'=14634 d'=29226 d'=46024 d'=14634 d'=29226 d'=46024

—@— sampling —@— KFAC 0— diag - MAP

[1] Padhy, S.*, Antoran, J.,*, Barbano, R., Nalisnick, E., ... and Hernandez-Lobato, J.M., 2022. Sampling-based inference for large linear models, with application to linearised Laplace. ICLR 2023




We can tune certain h
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Uncertainty on CIFAR100

ResNet-18 (d = 11M) on CIFAR-100 (nm = SM)
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How far does this scale?
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Appendix: Linear Models are GPs

yi=¢(xi)9+ni yl=GP(O,k(,))+7]l
y; € R where Kn = ®TA™!®
0 € RY .
¢(xi) =3 mxXd
e {1,...,n}
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Appendix: Hparam Optin Linear Models

o log det H cannot be estimated from samples...

o MacKay proposed an alternative first order optimal update for . (a)(assumeA = al)

- Tr(H' ®'B®) Tr(H™' M)
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o This can be estimated using only samples from the posterior

Tr{H'M} = Tr H_TlMH_TI} = [E |2/ Mz
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